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Abltract-The ioitiation of loca1ized deformation in the form of shear bands within the necked region of an
axially loaded rectanaufar specimen is studied analytically for a plane strain deformation. A semi-inverse
method is used to estimate the nonhomogeneous stress state in the necked region prior to shear band
inception. For the localization analysis a generalized J2 plasticity theory which includes the dilatancy and
pressure sensitivity effects is employed. The analytical estimates are compared with some existing
experimental results. and good correlation is obtained.

1. INTRODUCTION
It is known that uniaxial extension of thin metal sheets may lead to necking and then to the
formation of localized shear bands within the necked region; see, e.g. Weinrich and French[l],
and Anand and Spitzig[2]. The state of stress in the necked region prior to the inception of
shear bands is nonhomogeneous, and therefore a complete description of the deformation
history requires a numerical approach. An analysis of this kind recently has been performed by
Tvergaard et 01. [3] for a plane strain extension of a finite rectangular bar, using several
constitutive relations. While an approach of this kind provides complete information of the
deformation history, it requires extensive numerical calculations involving finite-element
schemes with several thousand degrees of freedom. Another approach which has been
extensively used, is to assume a homogeneous state of stress prior to the inception of shear
bands, and then within the theoretical framework given by Hill[4] seek to obtain conditions
under which the governing field equations for the rate of deformation from the given homo­
geneous state cease to be elliptic. The resulting characteristics then delineate possible shear
band orientations. Calculations of this kind are found in the work by Hill and Hutchinson[5].
Rice[6], Storen and Rice[1], Rudnicki and Rice[8], Hutchinson and Neale[9], Knowles and
Sternberg[lO], Needleman[ll], and Nemat-Nasser[l2].

In the uniaxial extension of a rectangular bar it is known that deviation by diffused necking
from a homogeneous deformation state is possible while the rate field equations are elliptic. i.e.
before localized deformation by shear bands becomes possible; Hill and Hutchinson[5].
Moreover, the assumption that shear bands are initiated in thin sheets directly from a
homogeneous state without a prior diffused necking, is not borne out by experimental results
(see, e.g. Weinrich and French[l]).

In this work bifurcation in the form of localized shear bands from the nonhomogeneous
stress and deformation state in the necked region of a tensile specimen deformed under plane
strain conditions, is examined. To this end the profile of the necked portion of the specimen is
expanded in a Fourier series with unknown coefficients. These coefficients may be fixed by
comparing certain overall average deformation measures and the conjugate forces with the
corresponding quantities obtained experimentally. In this work a three-term series ap­
proximation is used.

For a given shape of necked portion a statically admissible stress field is obtained which
satisfies exactly the equilibrium equations and the free stress boundary conditions on the lateral
surfaces of the necked specimen. In additiont the obtained overall stress field is made to satisfy
the overall equilibrium, i.e. conditions at infinity.

With the nonhomogeneous stress field established, bifurcation analysis is performed within
the framework given by Hill[4], where the characteristics are no longer straight lines. For the
representation of the material, a generalized 12 plasticity theory which includes dilatancy and
pressure sensitivity effects is used, and the minimum value of the overall applied stress which is
required to yield real characteristics at each point in the necked region, together with the
corresponding characteristic directions, is estimated. The results are compared with experi-
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ments by Anand and Spitzig[2], and good correlation is obtained. It turns out that the incipience
of shear band formation is highly dependent on the material parameters. The critical value of
the stress at which the shear band formation first becomes possible is not significantly affected
by the shape of the necked region. On the other hand, the location of the shear band initiation
critically depends on the shape of the neck and possible imperfections. These results are
consistent with the numerical results of Tvergaard et al. [3].

2. STATEMENT OF PROBLEM

Consider bifurcation in the form of localized shear bands from a nonhomogeneous state of
deformation in the necked region of a thin sheet under uniaxial tension. The objective is to
calculate the critical value of the axial stress at which a shear band can initiate at a point within
the necked region. It is assumed that such a critical load coincides with the minimum value of
the stress at which the rate field equations for the first time yield real characteristics, these
characteristics defining the shear band directions.

To this end first a statically admissible stress field is obtained analytically for an arbitrary
but suitably smooth necked profile under a plane strain condition. Then the necked profile is
represented in the form of a Fourier series and the corresponding coefficients are adjusted from
the knowledge of the overall average deformation parameters and the corresponding overall
forces. For example, if a two-term Fourier expansion is used, then the overall stretch and the
corresponding average axial stress are sufficient to fix the needed parameters. Since in
theoretical investigations, the constitutive parameters such as the tangent modulus and the
work-hardening parameter are usually fixed on the basis of a uniaxial stress-strain relation and
often on the assumption of a power law connecting the effective stress with the effective strain,
the above approach seems reasonable. At any rate, if a deformation theory is involved, then the
necked profile can be approximated to any degree of accuracy by estimating a suitable' number
of Fourier coefficients in its series expansion. In the present work, however, attention is
confined to a three-term approximation only.

The calculation of the critical axial stress and of the characteristic directions is done within
HilI's[4] general theory where, because of the nonhomogeneous state of deformation and
stress, the characteristics are no longer straight lines.

Consider a fixed rectangular Cartesian coordinate system with coordinate axes Xj, i == 1,2,3,
and let i jj be the rate of change of the nominal stress, referred to and measured per unit current
area. For a general class of rate-independent materials, i jj == Cjj/rlVI<." where Vk is the velocity
field and Cjj/d depends among other things on the current stress state, but is independent of the
rates; here and in the sequel repeated indices are summed, and comma followed by an index
denotes partial differentiation with respect to the corresponding coordinate. In the absence of
body forces, the rate differential equations for equilibrium are

(2.1)

It is clear from (2.1) that the loss of ellipticity can be decided from the structure of the matrix
coefficient C jjkll which in general may vary from point to point within the necked region of the
specimen in accordance with the variation of the stress and other field quantities. In this work
rate constitutive relations based on a generalized J2 theory are used to estimate the matrix Cjjkb

and the critical stress and the corresponding shear band directions are calculated for several
combinations of material parameters.

3. CALCULATION OF STRESS FIELD

Let the XI' x2-plane coincide with the middle plane of a necked thin sheet which is pulled in
plane strain by axial stress, Uo, applied in the xl-direction; see Fig. 1. The necking has occurred
in the region IXII ~ I, where the necked profile in the Xl> xl-plane is cbaracterized by Xl == H(x.),
H being a suitably smooth function such that

H(± I) == Ho, H'(± l) == 0, (3.1)

where prime denotes differentiation. In Fig. 1, 8 =O/2)[Ho- H(O)].
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Fig. I. A necked profile of a thin sheet in uniaxial extension.

With (Tij being the Cauchy stress components, for the plane strain condition set

(3.2)

where the appropriate expression for (Tn is given later on in relation to the considered rate
constitutive relations; see (5.10').

Let n(x) be the exterior unit normal on the upper surface, S, of the necked region,

(3.3)

The equilibrium equations throughout the bar and the boundary conditions on S, respectively,
are

(Til,. + (T3\,3 =0,

(Tu.\ +(T33,3 =0, (3.4)

and

(Tlln. + (T3.n3 =0,

(Tun. +(Tnn3 =0, on S. (3.5)

Let (To be the overall applied stress in the x.-direction. The conditions at x. = ± 1are

(TII( ± I) =(To, (Tu( ± I) =0,

and the overall equilibrium requires

f
+Hl2

(Til dX3 = (ToHo for all XI'
-Hl2

(3.6)

(3.7)

In view of assumed symmetry with respect to the x.. x2-plane, a reasonable approximation
to the stress field is

(Til =a(x.)(x3)2 +b(x\),

(T33 =c(X\)(X3)4 +d(x\),

(T13 = e(x\)(x3)3 +!(X.)X3'

(3.8)

where coefficients a to! are functions of x\ and are to be determined in such a manner that
equilibrium conditions (3.4H3.7) are identically satisfied (a semi-inverse anal}1ical approach).
Therefore, (3.8) are substituted into (3.4) and (3.5) and upon integration and some manipulation,
and in view of (3.6), (3.7), and symmetry conditions such as

(3.9)
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d(Xt) == ~6 {H(3Ho- H)}", (3.10)

Equations (3.8) and (3.10) now provide the following statically admissible stress field for any
suitably smooth shape function H(x t):

0'11 = 1+ 12 Ho- H (X3)2
0'0 H H'

0;:: == 116{(3Ho- 2H)H" - 2(H')2} +{6(H')2 2Ho;i H - H"(3Ho_ 2H)} (~) 4,

0'13 == 4H' 3Ho- 2H (X3) 3.

0'0 H H (3.11)

4. SHAPE OF NECK AND AVERAGE STRAIN

For diffused suitably smooth necking in a bar, in view of symmetry the shape of the neck
pr9file can be expressed by a Fourier cosine series,

In the present work only a three-term approximation is considered,

H 1 ( ?TXt 1) ( 2n?TXI)H
o

== - ( cos -/- + - ~ 1- cos -/- ,

where n is an integer, and

lJ 1
(== H

o
' lJ == 2[Ho- H(O)].

(4.1)

(4.2)

(4.3)

Note that (4.2) represents the assumed necked profile, and is not intended to characterize an
initial imperfection. In the illustrative example which will follow, the integer n is used as a
parameter that characterizes possible initial imperfections that have led to the necked profile of
the kind represented by (4.2). The coefficients ( and ~ are, however, functions of overall
deformation and are to be determined by the consideration of the overall stress, deformation­
relation.

Let Hobe the thickness of the sheet just prior to diffused necking instability. It is assumed
that the thickness outside of the necked region remains constant as necking develops and leads
to the inception of a shear band. If L is the gauge length prior to necking and / is the
corresponding length just at the inception of shear bands, the condition of incompressibility
(if used) requires

LHo=LH(xt)dx•.

Substitution from (4.2) into (4.4) yields

/ 1
ANH == 1+ ENH == I == 1- ( - f

(4.4)

(4.5)
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where ANH and ENH are the average stretch and elongation of the nonhomogeneous necked
region, measured relative to the homogeneous configuration at the inception of diffused
necking. To calculate the total stretch, A" let the initial gauge length be I,. Then

(4.6)

where AH is the stretch just before necking. If a parametric study is made using , and eas
parameters, then (4.5) and (4.6) yield the resulting stretches. From these stretches the overall
average stress can be estimated from the experimental stress, strain-relation. If more than a
uniaxial average stress, strain-relation is available, then the calculation of the state of stress and
deformation in the necked region can be accordingly refined. Forexample, one may use avariational
approach, and treat the Fourier coefficients in (4.1) as generalized coordinates. In the sequell and e
are treated as parameters defining the necked profile prior to shear band formation.

S. RATE CONSTITUTIVE RELATIONS

As a generalized 12 plasticity theory which includes dilatancy and pressure effects consider
the theory recently developed by Nemat-Nasser and Shokooh[13], which involves the following
yield function and flow potential:

where

Yield Function:

Flow Potential:

f == a- F(l, A, i),

g == a+G(l, A, n, (5.1)

(5.2)

Here prime denotes the deviatoric part, superposed p stands for the plastic part, p and Po are
the current and reference mass densities, respectively, Ais the total plastic volumetric change
measured with respect to the reference configuration, and i is the total effective plastic
distortion; in (5.2), fJ stands for a monotone increasing load parameter. The contribution to the
total deformation rate tensor by the elastic distortion is characterized by an isotropic relation
which connects the Jaumann rate of Cauchy stress,

(5.3)

to the elastic part of the deformation rate tensor, Dij, by

(5.4)

where p. and K are some appropriate shear and bulk moduli, IV;j being the spin tensor.
The contribution to the deformation rate by plastic distortion is obtained from (5.1),

(5.5)

where H is the work-hardening parameter (this should not be confused with the neck profile),

(5.6)

and (aOlal) and -(oRal) are the dilatancy and the pressure-sensitivity factors, respectively.
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Equation (5.5) yields a plastic rate of deformation tensor coaxial with the stress tensor. It is
commonly argued that the existence of microscopic slips and microscopic localized defor­
mations may result in noncoaxiality. The corner theories of plasticity are motivated for this
reason; see, e.g. Christoffersen and Hutchinson[14]. However, although a corner provides
noncoaxiality, noncoaxiality can exist with smooth flow potentials. One way to account for this
is to consider a contribution to the plastic distortion which is work-less and therefore makes no
contribution to the rate of plastic energy loss. A term of this kind emerges naturally in the
double-slip theory of granular materials; see, e.g. Mandel[15J, Spencer[l6, 17J, Mehrabadi and
Cowin[18, 19J, Christoffersen et al.[20J, and Nemat-Nasser et al.[21]. A similar contribution to
the plastic strain rate has been considered on the basis of a deformation-type theory by
Rudnicki and Rice[S], and Storen and Rice[7]. Following this line of thinking, (5.5) is modified
to read

Dp I (~+ao j;, ) (O'kl aF j;,) 0 A{o, I ,0 ,}

ii = H 2ii iii Uii 2ii - al Old aid + a ij - 20'2 a k/aktO' ij •
(5.7)

where A is a compliance, type parameter that may depend on the deformation history; here 11A is
not necessarily a secant modulus.

Since Dij = D:i + Dt exactly, see Nemat-Nasser[22], it follows from (5.4) and (5.7) that

where

1 I
-::-=-+2A.
P- P-

For application to plane strain it is required that

The corresponding plastic part is almost zero if

I 2 aO -0'22 = - - aal '

(5.8)

(5.9)

(5.10)

(5.10')

and if it is assumed that A in (5.7) is negligibly small as compared with 1/H, which is the case
for the present problem as will be shown later on. Then the above equation holds if

(
1- 3 (ilO)2)

O'~l = ilO + al
ii ill 1+ t2 ,

. (aO)2)0'33 = aO _( 1- 3 iii
ii al 1+ t2 ,

O'n = -2 aO
0' aJ'

(
I 3 (aO)2')

0'13 = ( - iii
ii l+ (2 '

(5.11)

where ( is defined in (5.13). In the application which follows, this condition is essentially
satisfied. The elastic contribution to the l.h.s. of (5.10), in general, does not vanish under
condition (5.11), unless the Poisson ratio associat~d with mO'duli p- and K in (5.4) is 1/2. For
application here, it is envisaged that large plastic flows precede localized deformations, and
tberefore, tbe corresponding elastic distortion is negligibly small when compared with the
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plastic part. In this situation it may be assumed that restriction (5.11) results in a plane strain
condition with reasonable accuracy.

With the aid of (5.10) and (5.11) the rate constitutive relations (5.8) reduce to

U\I = alD\I +2a2D13 + a3D33,

U33 = blDIl +2b2D13 +b3D33,

UI3 =clD\I +2C2D13 +C3D33,

and upon the introduction of quantities,

(5.12)

t =O'IJ
'T '

iJO
{3 = 3ai'

iJFa=-3­
ill'

- 1(1-t/3)h = H +p, + Ka{3, g = V 1+ t2 , (5.13)

a = p,e+ K{3,

c =ILf +K{3,

b =p,e+ Ka,

d =p,f +Ka,

the following explicit expressions are obtained for the parameters in (5.12):

aI =(K +~ ji ) +(p, - ji )e2- ab/h.

a2 =(p, - ji)etg - atp,g/h,

a3 = (K -~ ji) +(p, - ji)ef - adlh.

bl =(K - ~ ji) +(p, - ji)ef - cb/h,

b2=(p, - ji)ftg - ctp,g/h,

b3= (K +~ ji) +(p, - ji)f- cd/h,

c\ = (p, - ji)etg - btp,g/h,

C2 = ji +(p, - ji)t2g2_ p,2t2g2/h.
C3 =(p, - ji )ftg - dtp,glh.

(5.14)

6. LOCALIZATION

In the calculation of localization of deformation the inception of the localized flow is taken
to coincide with conditions under which real characteristics for the corresponding rate field
equations develop. The necessary condition then is the continuity of the traction rates across
the discontinuity surfaces. If " is a unit vector defining the orientation of such a surface, it must
be required that

(i/J)Vi =0, j, i =1,3,

where the nominal stress rate i ji is given by

iii =Uii - DjlcUlci + WjkO'ki +DttO'ji,

SS Vol. 18. No. I-F

(6.1)

(6.2)
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and where (f) denotes the jump in the value of f across the discontinuity surface. The
corresponding jump in the velocity gradient is,

(6.3)

where '11i is the corresponding jump; both" and" are functions of the spatial coordinates in a
nonhomogeneous deformation field.

With the aid of eqns (5.10), (5.11), (6.3) and constitutive relations (5.12), continuity relations
(6.1) yield a system of two homogeneous linear equations for the jump magnitudes '111 and 113;
1]2 == 0 in plane strain. Non-trivial solutions exist if the determinant of the coefficients vanishes.
This leads to the characteristic equation defining inception of localization,

[(aIC2 - c.a0 +7'(al + tC.)](VI)4

+(a lb2- bla2 + alc3 - c.a3) + 7'{2a2+ t(al + bl + 2C2)}](VI)3V3

+(a lb3- blD3+clb2- blC2+a2C3- C2a3)

+7'Ha3 - bl) + t(2b2+ 2a2 + CI + C3)}](V,)2(V3)2

+[(a2b3- b2a3 + clb3- b1C3) - 7'{2b2- t(a3 + b) + 2C2)}]vb3)3

+(b3C2 - C3b2) - 7'(b3- tC3)](V3)4 = O. (6.4)

The current stress distribution in the necked region of the bar is given in Section 3.
Therefore, the coefficients (5.14) can be calculated by direct substitution. One hence seeks at
each point within the necked region the minimum value of Uo, which, for the first time, provides
real characteristics for (6.4). Since the parameter 7' in (5.13) is proportional to Uo, (6.4) yields

where

and where

7'" = (a2cI - C2al)X4 +(D2bl - b2al +Cla3 - alc3)x3

+(bla3 - alb3+C2bl- b2cI +C2a3 - a2c3)X2

+(b2a3- a2b3+C3bl - clb3)X + (C3 b2- b3C2),

Td = (DI + tCI)X4+ {202+ t(DI + bl + 2C2)}X3

+{(a3 - bl) + t(2b2+ 202 + CI + C3)}X2

- {2b2- t(03 +b3+2C2)}X - (b3- tC3),

(6.5)

(6.6)

(6.7)

One tben minimizes 7' with respect to X, to arrive at a polynomial of degree six in X. The values
of X so obtained provide extremes of Uo, the smallest of which is the critical stress, the
corresponding X defining the inclination of the shear band.

7. NUMERICAL RESULTS AND DISCUSSION

In this section specific numerical results are obtained and compared with some existing
experimental observations. Attention is confined to the case of uniaxial extension, and
parameters in the rate constitutive relations (5.8) and in the expression for the necked profile
are specified by the consideration of experimental results. Then the minimum value of 7' and tbe
corresponding characteristic directions are calculated at ea~h point in the necked region. This
calculation is guided by the experimental results of Anand and Spitzig[2], who report diffused
necking to occur at axial strain of £1 =0.029 and localized shear bands at £, =0.034. From (4.5)



and (4.6), therefore,

and hence
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1
A, = 1.034 = 1.029 1- ( - f

( +~ = 0.00484.
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(7.1)

(7.2)

To compare results with the numerical calculations of Tvergaard et al. [3], consider the
following four specific cases:

I: (=0.00484, ~=O,

II: (=0.00334, ~ = 0.0015, n = 2,

III: , =0.00334, ~ = 0.0015, n = 3, (703)

IV: (=0.00634, ~=-0.0015, n =4,

and choose HoII = 2/3.
Since little information on dilatancy and pressure-sensitivity is available, the parameters

aG/aI and aFTaI must be fixed somewhat arbitrarily. Their ranges of variation, however, at
least for some high strength steels, can be fixed from the experimental results of Spitzig et
al. [23,24], i.e.

0:s;3 ~~ :s;0.01, O:s; -3 ~~ :s;0.1.

Furthermore, assume that JL and K are the usual elastic moduli, set

p = OJ,

and obtain, using the data of Anand and Spitzig[2], i.e. Young's modulus of E = 207GPa,

!5.. = 2(1 + p) = 21667
JL 3(1-2p) . ,

E
JL = 2(1 + p) = 79,600 MPa.

(7.4)

(7.5)

(7.6)

(7.7)

To fix parameters A and H in the rate constitutive relations, or at least their order of
magnitude, consider the limiting case,

aG aF-ar-+O, and aI-+O,

which results in

Comparison of (7.9) with the deformation theory model of Storen and Rice [7], namely,

(7.8)

(7.9)

(7.10)
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(7.11)

where h! and h respectively are the secant and tangent moduli in the effective stress, effective
strain-relation, Le. in the ii, i-curve. Since in the present case,

(7.12)

where £1 is the elongation in the x(-direction, it follows that

(7.13)

Experimental results of Anand and Spitzig[2] now yield

4h, = 58,656 MPa, 4h = 391 MPa,

at the inception of shear bands. Also, from (7.7) and (7.11),

- I H
; = 1+ 2JLA = 0.092, j; = 0.00061,

(7.14)

(7.15)

which hold only at the incipience of localization.
The corresponding numerical results obtained from characteristic condition (6.5) for the

minimum value of stress, 0'0' and the corresponding localization orientation are summarized in
Table 1. Since in the experiments it is found that

0'0 ~ 1,900 - 2,000 MPa, 8 = :!: (38:!: 2t, (7.16)

at the critical state, the results in Table 1 are not in good accord with experiments. In Table I,
sensitivity of the results to the variation in the parameters fJ and a, Le. the dilatancy and
pressure-sensitivity, is also displayed. However, these factors do not seem to be of major
importance within the realistic ranges of their variation defined by (7.4).

The results are, however, highly sensitive to the variation of the noncoaxiality parameter A
(or ji) and the work-hardening parameter H. In general) there is no reason to associate
parameter A directly with the secant compliance, as is suggested by (7.13). Only by special
considerations does such association become meaningful; see StOren and Rice[7]. Therefore,

Table I. Critical stress (numbers in parentheses in MPa) and shear band orientation for iii Il = 0.092.
Hill = 0.00061 and indicated values of a and /3

Case o - B • 0 o-O.I,e-o o - 0, a - 0.01 o • 0.1, e - 0.01
Eqn. (7.3)

°o/~ e °o/~ e °o/~ e °o/~ e

0.0296
~42.6

0.0121
~45 .4 0.0313

~42.6
0.0139

~45.4I (2360) (963) (2490) OliO)

0.0297 42.7 0.0121 45.5 0.0314 42.7 0.0139 45.5
Il (2360) -42.5 (963) -45.4 (2500) -42.5 (1110) -45.~

0.0297 42.2 0.0121 45.0 0.0314 42.2 0.0139 45.0III (2360) -43.0 (963) -45.9 (2500) -43.0 (1110) -45.9

0.0293 0.0120
.45.4 0.0311

~42.6
0.0137

.45.4IV ~42 .6
(955) (2480) (1090)(2330) !

I
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the values of a, {3 and KIll are fixed at

a =0.1, {3=0.01, K/1L=2.1667, (7.17)

and, for several values of A (or ji) and H, critical values of Uo and shear band orientation are
obtained. Table 2 presents the corresponding results which show that the smaller values of iii IL
are required in order to obtain critical values in good accord with experimental observation; see
also Fig. 2.

This suggests that the incipience of shear band formation is marked at a stage of defor­
mation which is essentially incompressible, and that locally, the value of iii IL is very small at
the point where the band first occurs. To check this statement we'set

a={3=O, !.=2.1667,
IL

0.1 > l!?; 0.01, 0.002?;H ?:0.00061,
IL JL

(7..I8)

and calculate the critical values of uollL and 8 as shown in Fig. 3 for Case I. From this figure it
follows t~at experimental results are confirmed with the following values of the parameters:

a = {3 =0,

l!= 0.028,
JL

K-= 2.1667,
JL

H-=0.0015.
IL

(7.19)

The corresponding results are shown in Table 3. Figure 4 gives for the indicated cases, the
contours of the minimum (critical) values of uolJL, when ellipticity is lost. In other words, each
contour line associated with the indicated stress level, separates the region in which the
governing equations are elliptic (below the contour line) from that in which the equations are

",ifL
1.0

*-'.0

I
0.5-

o"--------'---__-J.

"*-1.0

Q05

36

32 ~-O.:l
,.. , !

o 0.05 QI HlfL

Fig. 2. Critical values of axial stress and localization direction for various values of iii". and HI".; Case I
with a = 0.1, P= 0.01 and KI". = 2.1667.
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Ji-0.00061

~.O.OOI

~ -0002

~-000061
~_0.00l

a

003r

2000 Cf,lfL!

0;, l
( .. Po) 002

1

I
1000 I

OOI~

I
a1 -'-,------'-,- P:.
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Fig. 3. Critical values of axial stress and localization direction for various values of iiJp. and Hlp.; Case I
with .a ={J =0 and KIp. =2.1667.

Table 2. Critical stress and shear band orientation for a =0.1, {J =0.01, KIp. =2.1667 and indicated values
of iiJIJ. and Hlp.

J!. ! ao'~ (8)

II ~ cue 1 Cu. II C... 111 ca•• IV

0.307 0.308 0.308 0.304
0.01 (:1:44.1)

( 44.2) ( 43.7) (:1:44.1)
-44.0 -44.5

0.629 0.631 0.631 0.623
0.03 (:1:41.5)

( 41.6) C1.1)
(:1:41.5)

-41.5 -42.0

1.0 0.836 0.838 0.838 0.828
0.05 (:1:39.8)

( 39.8) ( 39.3) (:1:39.8)
-39.7 -40.2

0.992
0.995 (. 38.~)

0.995 0.984
0.07 (:1:38.3) ( 37.8) (:1:38.3)

-38.2 -38.7

1.12 1.12 1.12 1.11
0.09 (:1:37.0) ( 37.1) ( 36.5)

(:1:37.0)

-
-36.9 -37.4

0.0145 0.0146 O. 01~6 0.0144
0.001 (:1:46.3) C6

•
4

) p~:~)
(:1:46.3)

-46.2

0.220 0.221 0.221 0.218
0.01 (:1:43.2) C3

•
3

)
( 42.7) (:1:43.2)

-43.1 -43.6

0.427 0.428 0.428 0.423
0.03 (:U9.7)

( 39.8) ( 39.3) (:1:39.7)

0.5
-39.6 -40.1

0.556 0.557 0.557 0.551
0.05 (:1:37.2) ( 37.3) (. 36.~) (:1:37.2)

-37.6-37.1

0.650 0.651 0.651 0.644
0.07 (:1:35.0) ( 35.1) ( 34.5) (:1:35.0)

-34.9 -35.4

0.722
0.724 (. ~)

0.724 0.716 I
0.09 (:1:33.0) 33.1 ( 32.~) (:33.0)

J-32.9 -33.4
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Table 3. Critical stress and shear band orientation for a = /l = 0, K/p. = 2.1667, iiJp. = 0.028 and Hlp. =
0.0015

cue
Go/~ "0 (lIP.) eEqa. (7.3)

1 2.46x10-2 1960 ~38.1

11 2.47x10-2 1970 38.2
-38.0

111 2.47x10-2
197Q 37.6

-38.S

IV 2.44x10-2 1940 ~38.1
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CASE I

CASE 1I

CASE m

---------
CASE 'IV

rl&. 4. Contours of critical values of uJp. for four different neck profiles; a=/l=O, K/p.=2.1667,
iiJp. =0.028 and Hlp. =0.0015 (the variation of neck profile exagerated).
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Table 4. Critical stress and shear band orientation for a = f3 = 0, Ki J.L = 2.1667, HIJ.L = 0.0015 and indicated
values of iiJI'

Case .I!. • 0.028 .I!. • 1.0Eqo. (7.3) ~ /A-2.18X10-4 HPs-1) ~
(A ;; 0) (e)

00 ~ (8) °o/~

I 2.46x10-2 (:38.1) 1. 78x10- 1 (:43.7)

II 2.47x10-2
( 38.2] 1. 78x10-1

( 43.8]
-38.0 -43.6

III 2.47 x10-2
( 37.6J 1. 78x10- 1

( 43.2J
-38.5 -44.1

IV 2.44x10-2 (:38.1) 1. 76x10-1 (:43.7)

v -2 (:38.1) -1 (:43.7)2.53x10 1. 83x10
(H • H

O
)

hyperbolic (above the contour line). On the contour line, therefore, the governing equations are
parabolic.

For the point in the necked region where shear bands first occur (i.e. for the smallest aol/L),
the directions of the bands are also indicated. As is seen this location is highly dependent on the
neck profile, as has also been verified numerically by Tvergaard et al. f3J. The stress distribution
changes (from that defined by (3.11» after the inception of shear bands, and continues to
change as the bands grow. Hence the exact evolution of the shear bands cannot be decided
from the results presented in Fig. 4. However, these results do suggest a reasonable shear band
growth pattern which is in good qualitative agreement with the numerical results presented by
Tvergaard et al. [3]. In Case I the bands first are initiated at the free surface and at the middle of
the necked region, and then, as suggested by the corresponding contour lines, propagate into
the specimen, the initial angle being ± 38°. In Case II, on the other hand, the bands are formed
again at the surface, but off-center. Similar results are displayed for Cases III and IV.

We have also calculated the corresponding re!iults for a different state of stress at infinity
from that corresponding to (3.11). In (3.11), all is uniform at XI = ± I, and a33 does not vanish
identically there. A different loading condition is possible where a33( ± I) = 0, in which case all

at XI = ± I will not be uniform, and will depend on X3' The calculation is similar to the case
presented above, but the location of the shear band initiation in certain cases may move into the
interior of the necked region. Since experiments suggest both possibilities, the actual loading
mechanism should enter in the calculation of the shear band initiation in a necked bar.

To show that only the location of the shear band, and not the critical load, is sensitive to the
variation in the neck profile, a constant profile of H == Ho is used together with the values of
parameters given by (7.19). The resulting critical stress then is ao =2010 MPa, with shear band
orientation of 6= ± 38°, the critical stress being slightly higher than the observed one. On the
other hand, the noncoaxiality parameter, A, has a significant effect on the critical value of
stress. This is shown in Table 4when results for A =2.18 X /0-4 MPa-1and A == oare compared for
different neck profiles, including the case of H == Ho.
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